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ON RECENT WORK OF TIAN AND KOLLAR-TIAN

FUMIAKI SUZUKI

ABSTRACT. This is a survey on recent work of Tian [24] and Kolldr—Tian [14], based on the mini-course
that I gave at the Lodha Mathematical Sciences Institute on January 2026.
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Let I, be a finite field, let £ be a prime invertible in F,, and let C'/F, be a smooth projective geometrically
connected curve. Let Y/F,(C) be a smooth projective geometrically connected variety, and for each closed
point v € C, let Y, :=Y Xp_ () F,(C),. Restricting Brauer classes on Y to each closed point of Y, and
composing with the norm map yield a pairing:

inv

CHy(Y,) x Br(Y){¢} — Br(F,(C)u){f} = Q¢/Z,.

The Albert—Brauer—Hasse—Noether theorem then yields a complex

(1.1)

lim CHo(Y)/0" — [ lim CHo(Y,)/€" — Hom(Br(Y){£}, Qe/Z).

veC M

Conjecture 1.1 (Colliot-Théléne). The complex (1.1) is exact.

The purpose of these notes is to discuss the following recent breakthrough towards Conjecture 1.1 due to

Tian.

Theorem 1.2 (Tian, [24, Theorem 1.4]). If Y/F,(C) is a geometrically rational surface, then the complex
(1.1) is ezxact.

As a consequence of Theorem 1.2, Tian shows that if F; is of odd characteristic, then the Brauer-Manin
obstruction for the Hasse principle for del Pezzo surfaces of degree 4 over F,(C') is the only one; see [24,
Theorem 1.5].
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For Y/F,(C) as in Theorem 1.2, the resolution of singularities shows that there exists a smooth projective
geometrically connected 3-fold X/F, with a dominant morphism X — C such that X, =Y. By a result
of Saito [18] together with a result of Esnault-Wittenberg [9], Theorem 1.2 is reduced to the integral Tate
conjecture for 1-cycles on X. More precisely, Theorem 1.2 follows from the following result.

Theorem 1.3 (Tian, [24, Theorem 1.7]). Let X/F, be a smooth projective geometrically connected 3-fold
with a dominant morphism X — C whose generic fiber X, /F4(C) is a smooth geometrically rational surface.
Then the cycle map

c?: CH*(X) ® Zy — H (X, Z4(2))

s surjective.

In the special case when Y/F,(C) has a conic bundle structure over IP’]%,‘I (¢)» Theorem 1.2 and Theorem
1.3 were previously known due to Parimala—Suresh [16].

Towards the proof of Theorem 1.3, let X/F, be a smooth projective geometrically connected variety. The
Hochschild—Serre spectral sequence induces the following diagram:

00— CH (X)hom ®Zy ———— CHI(X) ®Zy

(12) J{clfU lcli d

0 —— H'(Fy, H¥ Xy, Z4(i)) —— H*(X,Z0(i)) —— H* (X5 ,Zy(i)*Fa/F) — 0,

where the square is a pull-back. Hence cl’ is surjective if and only if cI' and cl’y; are both surjective.

—2

For X/F, as in Theorem 1.3, the surjectivity of cI_ (geometric part) and the surjectivity of cl3 ; (arithmetic
part) will be addressed separately, but the proofs are based on the same geometric idea. To elaborate, we
start with the following toy example.

Example 1.4. Let X C P]%q be a smooth cubic 3-fold. We aim to show that
c?: CH*(X) @ Zy — H* (X, Z4(2))

is surjective. A key player here for both the geometric and arithmetic parts is the Fano scheme F(X)/F,
of lines on X, which is a smooth projective geometrically connected surface. Let U(X) — F(X) be the
universal line.

Geometric part: We first observe that, by weak Lefschetz, H 4(XE,Z@(2)) = Zy is generated by the class
[L] of lines on XE. Moreover, since F(X) is geometrically irreducible, by Lang-Weil, F/(X) has a 0-cycle «
of degree 1. Then U(X ).« € CH?(X) is a 1-cycle of degree 1, and it represents [L] € H4(X?q,Zg(2)). This
shows that ol is surjective.

Arithmetic part: By a result of Clemens—Griffiths [5, Theorem 11.19], we have

(1.3) U(X).: Hi(F(X)z,,Ze) = H(Xg,, Ze(2))-

This induces the following diagram:

CHo(F(X))hom © Lt 22 (F,, Hy (F(X)g, . Ze))

U(X)x U (X))
l . l()

cl
CH(X)hom ® Ze —== H'(Fy, H3 (X5, Z4(2))).

Here claj,0,7(x) is an isomorphism by a theorem of Colliot-Thélene-Sansuc-Soulé [6, Théoréme 5]: the Abel-
Jacobi map for 0-cycles on every smooth projective geometrically connected F,-variety is an isomorphism.
It follows that cl3 j,x 1s surjective, and we conclude that cl% is surjective.

In Example 1.4, for a smooth cubic 3-fold X C P%q, the following properties of F/(X) were crucially used:
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(1) The geometric irreducibility of F(X) is used to descend the class [L] on Xg, to X in the geometric
part.

(2) The smoothness, projectiveness, and geometric connectedness of F(X) together with (1.3) are used
to deduce the arithmetic part from a theorem of Colliot-Thélene—Sansuc—Soulé.

For X/F, as in Theorem 1.3, we will first show that the cycle map CH2(XFQ) ® Ly — H4(XE,Z¢(2)) is
surjective. (This step may be deduced relatively easily from known results.) Then, to address respectively
the geometric and arithmetic parts, we will construct alternatives in our situation to the Fano scheme of a
cubic 3-fold. Namely, we will aim to show:

(1) For each class « € H 4(X?q ,Z4(2))%2Fa/Fa) | there exist a 1-cycle 5 on X, a geometrically irreducible
variety B, /Fq, a closed subvariety U, C By x X with Uy, — B, dominant of relative dimension 1,
and b € B*™(F,) such that o + B, = Us.

(2) There exist a smooth projective geometrically connected variety B/F, closed subvarieties U; C BxX
with U; — B dominant of relative dimension 1, and integers n; such that (3, n;U;).: Hl(BFq, Zg) —

H (X, Ze(2))-

In general, the families U, — B, and U; — B may be all distinct. The constructions of these families will
be possible by the following key idea developed by Kollar-Tian [14] and Tian [24]:

For X/F, as in Theorem 1.3, every family Uy — By of curves on X with By geometrically
connected is a subfamily of another family Uy — B of curves on X with By smooth and
geometrically connected, up to minor modifications of Uy — By.

In fact, the above idea may be carried out for a larger class of varieties, i.e., for varieties that are src in
codimension 1, which will be introduced in the next section.

Many steps of the proof of Theorem 1.3 will then be established, in most generalized ways possible, for
1-cycles on varieties that are src in codimension 1. The main theorems towards the geometric and arithmetic
parts of Theorem 1.3 will respectively be: Theorem 3.2 on descending algebraic equivalence for 1-cycles,
and Theorem 4.3 on coniveau and strong coniveau filtrations. The latter will follow from Theorem 6.2 and
Theorem 7.2, which respectively analyze the image of cylinder homomorphisms on Lawson homology over
the complex numbers and on higher Chow groups over algebraically closed fields. As for the aforementioned
key idea on modifying families of curves, see Theorem 2.6, Theorem 3.4, and Theorem 5.2 for more precise
statements.

Here is an outline of the survey. In Section 2, we introduce the notion of varieties that are src in
codimension 1, discuss comb constructions for spaces of curves, and prove Theorem 2.6. In Section 3, we
prove Theorem 3.2 on descending algebraic equivalence for 1-cycles, as well as Theorem 3.4 on deformation
equivalences of curves. We then prove the geometric part of Theorem 1.3. In Section 4, we recall the notions
of coniveau and strong coniveau filtrations, and state Theorem 4.3, whose proof is postponed until Section
6 and Section 7. We then relate the two coniveau filtrations to the surjectivity of the ¢-adic Walker Abel—
Jacobi maps by Proposition 4.4, and assuming Theorem 4.3, prove the arithmetic part of Theorem 1.3. In
Section 5, we introduce the notion of equi-dimensional families of cycles, and state Theorem 5.2, which is
a key technical result towards the proof of Theorem 4.3. In Section 6, we introduce Lawson homology for
complex projective varieties, and prove Theorem 6.2 on the image of cylinder homomorphisms on Lawson
homology, which yields the complex case of Theorem 4.3. In Section 7, we introduce higher Chow groups,
and prove Theorem 7.2 on cylinder homomorphisms on higher Chow groups. We then deduce from Theorem
7.2 the general case of Theorem 4.3.

Many of the proofs given in this survey are only sketches, and I recommend the reader to consult the
original papers [14, 24] for the details. T am responsible for all inaccuracies found in this survey.

Acknowledgements. I thank Jean-Louis Colliot-Thélene, Parimala Raman, and Federico Scavia for invit-
ing me to give a mini-course at the Lodha Mathematical Sciences Institute on January 2026. I thank Federico
Scavia for collaboration in [19, 20] and discussions around the papers [14, 24]. T also thank Zhiyu Tian for
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answering my questions on [14, 24] and giving comments on an ealier draft of the survey. Part of my pre-
sentation on [14] is based on the working seminar on rational curves held at Leibniz University Hannover
during Fall 2024, and I thank Raymond Cheng, Dominique Mattei, and Stefan Schreieder for discussions.

Conventions. We denote by k a base field and by £ a prime invertible in k. A k-variety means a separated
scheme of finite type over k. When k is algebraically closed field, we simply call a k-variety a variety. For a
k-variety X, we denote by X*™ the smooth locus of X. We denote by z € X a closed point = of X, unless
otherwise specified. A node (resp. 3-node) of a k-curve is a singularity such that the completion of the
local ring is isomorphic to k[[z, y]]/(xy) (resp. k[[z, vy, z]]/(xy, yz,xz)). We say that a k-curve is nodal (resp.
3-nodal) if it either is smooth or only admits nodes as singularities (resp. either is smooth or only admits
nodes or/and 3-nodes as singularities). Following [14], for k-curves C, D, we denote by C' & D the union of
C and D such that all intersection points of C' and D are nodes.

2. VARIETIES THAT ARE SRC IN CODIMENSION 1 AND COMB CONSTRUCTIONS FOR SPACES OF CURVES

2.1. Varieties that are src in codimension 1. Let k be an algebraically closed field.
Definition 2.1. Let X be a smooth projective connected variety.

o We say that X is separably rationally connected, or src in short, if there exists f: P! — X such that
f*Tx is ample, or equivalently,

F*Tx = @ Opi (a:),

where a; > 0 for all 7. Such f is called very free.
o We say that X is separably rationally connected in codimension 1, or src in codimension 1 in short,
if there exists f: P' — X such that

f*Tx = EP Opr(ar),
where a; > 0 for all ¢ possibly except one a; = 0. Such f is called almost very free.

If X is src, then there exists an irreducible component of Mor(P!, X) for which the two point evaluation
map is dominant and separable. This is where the term “separably rationally connected” comes from.

It is helpful to know that being src (resp. being src in codimension 1) is a birational property and it is
also an open condition in smooth projective families.
Example 2.2. Here are basic examples.
e P" is src: leting f: P! — P™ be a line, we have
[ Tpn = Op (1)1 @ Op1 (2),
thus f is very free. More generally, rational varieties are src.
e A src fibration X — C over a curve is src in codimension 1: letting f: P* — X, be very free for
some ¢ € C and letting g: P! EN X. — X be the composition, we have
9 Tx = [*Tx, ® Op1,
thus g is almost very free.

e X xY, where X is src in codimension 1 and Y is src, is src in codimension 1: letting f: P* — X be
almost very free, g: P — Y be very free, and (f,g): P! — X x Y be the induced map, we have

(f,9) Txxy = ["Tx © 9" Ty,
thus (f, g) is almost very free.
In characteristic 0, X is src in codimension 1 if and only if X is either src or birational to a src fibration

over a curve of positive genus, but in positive characteristic, there are other types of varieties that are src in
codimension 1; see [24, Lemma 2.2].
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2.2. Comb constructions for spaces of curves. Let k& be an algebraically closed field.

Definition 2.3. A comb with handle Cy and teeth T%,---,T, is the union of nodal connected curves
Co, 11, -+, T, such that T3, --- T, are disjoint and each T; meets Cj transversally at a single smooth
point p; € Cy. A 3-nodal comb with handle Cy and teeth 17, --- , T, is the union of nodal connected curves
Cy, Ty, -+, T, such that Ty, - , T, are disjoint and each T; meets C either transversally at a single smooth
point p; € Cy or in a 3-nodal way at a single nodal point p; € Cj.

In this survey, a comb construction will mean the process of attaching to a nodal connected curve Cy nodal
connected curves 17, - -+ T, to form a comb C = CoUT; U---UT,. A key observation on comb constructions
is that if 77, - - - , T, are positive in an appropriate sense, the comb C has a better deformation property than
Cy. More precisely, we have the following.

Lemma 2.4 (Graber-Harris-Starr, [11]). Let X be a smooth projective connected variety. Let C be an
embedded comb in X with handle Cy, teeth Ty,--- ,T,, and intersection points Co NT; = {p;}. If the number
of teeth attached to each irreducible component of Cy is sufficiently large, if p; are general, and moreover if

(1) each T; is in a general normal direction to Cy at p;, and
(2) H1 (Tla NTi (_pl)) = O;
then H*(C, No(—p)) = 0 for all p € C§™. In particular, H*(C, N¢) = 0 and [C] € Hilb(X)*™.

Lemma 2.4 shows that the comb construction translates [Cy] € Hilb(X) to [C] € Hilb(X)*™. Our goal
is to perform comb constructions for spaces of nodal curves and to “translate” a connected subvariety
B C Hilb(X) such that every point of B represents a nodal connected curve on X to a connected subvariety
B’ C Hilb(X)*™. For that purpose, we will need a space T of teeth such that for every connected nodal curve
Cp on X, there exist r > 0 and ([T1],--- ,[T+]) € Sym" T such that C := Co UTy U---UT, is an embedded
comb for which the assumptions of Lemma 2.4 hold. When X is src and dim X is sufficiently large, an
appropriate choice of a space of very free rational curves on X will do. When X is src in codimension 1, a
space of almost very free rational curves on X is not sufficient. For instance, when X — C' is a src fibration
over a curve of positive genus and Cj has an irreducible component contained in a fiber of the fibration, it
is problematic, and in such a case, we will need some more work to construct T. We will explain the details
in the following.

Let X be a smooth projective connected variety that is src in codimension 1, and assume that dim X > 4.
This dimension assumption is a technical condition to work with curves on X rather than mophisms from
curves to X, and it may always be achieved by replacing X by X x P™ for n large. (There is no harm of
doing this because we will eventually be interested in stable birational properties of X.)

Fix a sufficiently ample linear system on X and let H C Hilb(X) be a space of complete intersection curves
by divisors in the system, with a section s such that for all [H] € H, H is smooth at py = s([H]). Let
R C Hilb(X) be an irreducible component of the space of almost very free rational curves on X. For a non-
negative integer n, define T to be the constructible subset of Hilb(X) of all embedded combs T with handles
[H] € H and teeth ([R1],---,[Rxs]) € Sym™ R, which are smooth at pr := py, such that [14, (42.2)-(42.5)]
hold: we have

(1) for any z € X and v € Tx ® k(x), there exists [T] € T such that = pr and v is a tangent vector
to T at pr;
(2) for all [T] € T, we have HY(T, Nr(—pr)) = 0;

and other more subtle positivity conditions. The space T is irreducible, and one can deduce from Lemma
2.4 and the ampleness of the linear system defining H that for sufficiently large n, T is non-empty; see [14,
Theorem 44]. We will fix such n in what follows. Note that H alone satisfies (1) but not (2) and that R
(with appropriate choice of a section) alone satisfies (2) but not (1).

Now let B C Hilb(X) be a subvariety such that every point of B represents a nodal connected curve on
X. For a non-negative integer r, define EComb(B,rT) C Hilb(X) to be the constructible set of all 3-nodal
combs C' with handles [Cy] € B, teeth ([T1],---,[T]) € Sym" T, and intersection points Co NT; = {pr, }.
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We say that such C'is balanced if letting ¢y be the number of irreducible components of Cj, each irreducible
component of Cy has at least r/2¢ teeth attached. Finally, define

EComb(B,rT)° := {[C] € EComb(B,rT) | H'(C, N¢) = 0 and C is balanced}.
Since 3-nodal curves are unobstructed, we have EComb(B,rT)° C Hilb(X)s™.
By Lemma 2.4, for sufficiently large r > 0, EComb(B, rT)® is non-empty and the forgetful map
®: EComb(B,rT)° — B
is surjective. In fact, it has the following stronger properties.

Theorem 2.5 (Kolldr—Tian, [14, Theorem 48], Special Case). Let X be a smooth projective connected variety
that is src in codimension 1, and assume that dim X > 4. Let B C Hilb(X) be a subvariety such that every
point of B represents a nodal connected curve on X. For sufficiently large r > 0, let

®: EComb(B,rT)° — B
be the forgetful map. The following hold.

(1) ® has non-empty connected fibers.
(2) @ satisfies the curve lifting property, That is, every morphism from a 2-pointed irreducible (not
neccesarily proper) curve to B admits a lift along .

In particular, if B is connected, then EComb(B,rT)° is connected and lies in a single irreducible component
of Hilb(X)*™.

Proof. (1) Let [Co] € B. Then the irreducible components of ®~1([Cy]) are precisely the closures of the
sets of combs with handle Cy and r teeth from T where the number of teeth attached to each irreducible
component of Cy is constant. Passing a tooth from one irreducible component of Cy to another then shows
that ®~1([Cp]) is connected. Here it is crucial that for every nodal [D] € Ecomb(B, (r —1)T) and every node
p € D, there exists [T] € T such that the 3-nodal comb C := D UT with p = pr belongs to Ecomb(B, rT),
and that moreover if [D] € Ecomb(B, (r — 1)T)°, then the exact sequence

0 — Ne(—=p)|lr = No — Ne|p = 0
together with H'(D, Np) = HY(T, Nr(—pr)) = 0 shows H'(C, N¢) = 0, hence we get [C] € Ecomb(B, rT)°.
(2) Attaching teeth and choosing a point on teeth yield a desired lift. O

Finally, we generalize Theorem 2.5 over arbitrary perfect fields. Let k be perfect field, X/k be a smooth
projective geometrically connected variety such that X+ is src in codimension 1, and assume that dim X > 4.
We construct the spaces H,R/k as before. By construction, H is geometrically irreducible; R is irreducible,
but it might not be geometrically so. Now we construct T/k in the same way as before, except that we make
sure to attach the same number of teeth from each geometric component of R so that T is defined over k
and geometrically irreducible. We then construct EComb(B,rT)/k and EComb(B, rT)°/k.

We strengthen Theorem 2.5 as follows.

Theorem 2.6 (Kollar—Tian, [14, Theorem 48]). Let k be a perfect field and X/k be a smooth projective
geometrically connected variety such that Xy is src in codimension 1, and assume that dim X > 4. Let
B C Hilb(X) be a subvariety such that every point of B represents a nodal connected curve on X. For
sufficiently large v > 0, let
®: EComb(B,rT)° — B
be the forgetful map. The following hold.
(1) ® has non-empty geometrically connected fibers.

(2) ® satisfies the curve lifting property. B
(8) @ is surjective on K-points for every k C K C k.

In particular, if B is geometrically connected, then EComb(B,rT)° is geometrically connected and lies in a
single geometrically irreducible component of Hilb(X)*™.
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Proof. Only (3) needs to be proved. For simplicity, we only consider the case K = k, and let [Co] € B(k).
We would hope to choose a closed point [Co UT; U ---UT;] € ®~1([Cp]) such that the comb

CoU (Uie{l,w ,r},oEGal(E/k)ﬂg) )

which is defined over k, belongs to Ecomb(B,r'T)° for some ' > r. To achieve this, we need to avoid a
situation where Cy and two or more distinct orbits T{’,Ti"', -+ all intersect at p; for some ¢, and such a
situation occurs when p;, € Cy and [T;] € T have different residue fields. To address the issue, we apply
Lemma 2.7 below to the projection ®~1([Cy]) — Sym” Cy. In addition, one can bound ' uniformly; see [14,
Lemma 63]. Hence the assertion follows. O

Lemma 2.7 (Poonen, [17, Corollary 2]). Let k be a perfect field and f: V — W be a morphism of k-varieties
such that dim f(V) > 1. Then {v € V' | k(v) = k(f(v))} is Zariski dense in V.

3. GEOMETRIC PART OF THEOREM 1.2 AND DESCENDING ALGEBRAIC EQUIVALENCE FOR 1-CYCLES

3.1. Descending algebraic equivalence for 1-cycles.

Definition 3.1. Let k be a perfect field, X/k be a smooth projective geometrically connected variety, and

ay, a0 € CH;(X). We say that a; and ay are algebraically equivalent and write oy ~, aso if there exists a

geometrically irreducible variety B/k, smooth k-points b1, by of B, and T' € CH;yqim g(B x X) such that
ap —ag =1y, — Ty, € CH;(X).

We denote by A;(X) := CH;(X)/ ~q.

In Definition 3.1, a pair of smooth k-points may be replaced by a 0-cycle of degree 0: if there exists a
geometrically irreducible variety B/k, a 0-cycle 8 = > n;p; of degree 0 on B*™, and I' € CH, 1 4im (B X X)),
then I'g = )" n;I',, € CH;(X) is algebraically equivalent to 0; see [1, Lemma 3.9].

We will aim to descend algebraic equivalence for 1-cycles on X/k such that X is src in codimension 1.
To make our situation more reasonable, we will make the following assumption on k:

(1) Every geometrically irreducible k-variety has a 0-cycle of degree 1.
If k satisfies (f), then for any family S — B of curves on X with B geometrically irreducible and any

be B(k), Sy € A1(X3) lies in the image of A;(X) — Ay (X%).

It is important for us that k = F, satisfies (f): for a geometrically irreducible Fy-variety V', by Lang-
Weil, we have |V (F,)| ~ q@™V hence V has rational points over extensions of coprime degrees, which by
corestriction give a zero-cycle of degree 1.

Theorem 3.2 (Kolldr—Tian, [14, Theorem 7]). Let k be a perfect field for which (§) holds. Let X/k be a
smooth projective geometrically connected variety such that X is src in codimension 1. Then

A (X) D5 Ay (Xg) Gal/R),

For Theorem 3.2, () is necessary. Indeed, let k be a perfect field, C /k be a smooth projective geometrically
connected curve, and X := C x P!. Choosing p € C(k), if there exists a l-cycle a on X such that
Qg ~a P X3 IP’%, then « - (C' x {0}) yields a 0-cycle of degree 1 on C.

The proof of Theorem 3.2 relies on a certain general statement about deformation equivalence for curves,
a notion closely related to algebraic equivalence for 1-cycles.

Definition 3.3. Let k be a perfect field and X/k be a smooth projective geometrically connected variety.
A deformation equivalence of curves mapping to X is a diagram

Sh. C S —"-+ BxX

| [

b; € B——2"8
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such that

(1) B is a geometrically connected curve with smooth k-points b;, and
(2) S — B is a flat proper morphism of pure relative dimension 1.

The k-points b; € B and the closed points of B which correspond to the intersection points of the geometric
irreducible components are called the pivot points. A deformation equivalence is called nodal if all fibers of
S — B are nodal, and it is called 3-nodal if all but finitely many fibers of S — B are nodal and the pivot
fibers have only nodes and 3-nodes.

For 1-cycles a1, as on X, a1 ~, as if and only if there exists an effective 1-cycle 5 on X such that a; + 8
and ag + [ are effective and deformation equivalent to each other by a geometrically irreducible base curve
B; see [10, Example 10.3.3]. When k is not algebraically closed, deformation equivalence does not necessarily
imply algebraic equivalence. For instance, when B is given by

B:={(s* —t*)(u* +v*) =0} C P(b X ]P’(b) = Proj Q[s, t] x Proj Q[u, v],
there is a priori no way to achieve algebraic equivalence for the fibers over ([1: £1],[1 : 0]).

Theorem 3.4 (Kollar-Tian, [14, Theorem 1 and Theorem 2]). Let k be a perfect field, and let k C L C k
be an intermediate field extension. Let X/k be a smooth projective geometrically connected variety that has
a 0-cycle of degree 1, and let m;: C; — X, be finitely many morphisms from nodal L-curves to Xy, such that
((m:)«[Ci)) are algebraically equivalent to each other. Then there is a nodal deformation equivalence over k
with connected fibers

(Oi)EbSJRi C S —"+ B XEXE
b; S B———B~HB

such that

(1) 7l(c,) R, (Ci)g W R; — Xy are defined over L;
(2) 7l (¢, (Ci)z — X5 are isomorphic to the base changes of m;: C; — Xp;
(3) m|g,: Ri — X3 are defined and isomorphic to each other over k.

The original statement of [14, Theorem 2] assumes that x(C;, O¢,) does not depend on ¢ instead of
assuming that X has a 0-cycle of degree 1, and it implies Theorem 3.4; see Lemma 3.7. Theorem 3.4 is
stated in this way because it is sufficient for our applications.

A subtle point is that B in Theorem 3.4 tends to be reducible. As noted earlier, algebraic equivalence
implies, up to adding a constant cycle, deformation equivalence with B irreducible. Hence Theorem 3.4
achieves an arithmetically useful statement in exchange of getting into a geometrically more complicated
situation, in some sense. When Xy is src in codimension 1, one can remedy this situation by applying
Theorem 2.6, which leads to the proof of Theorem 3.2.

3.2. Proof of Theorem 3.4. The proof involves constructing new deformation equivalences from given
ones, and we summarize relevant tricks (i)-(iii) below. Let k be an algebraically closed field and X be a
smooth projective connected variety.

(i) Gluing deformation equivalences: Before gluing, the following basic operations are useful. Let S — B
be a deformation equivalence.

e Base changes: Let B’ be another connected curve with smooth marked points b}, and let B — B
be a morphism which maps b} to b;. Then the pull-back S’ := S xp B’ — B’ is a deformation
equivalence.

e Semistable reduction: There exist a base change B’ — B, which is étale over the singular points of
B, and a new family S’ — B’, where the fibers over smooth points of B’ are nodal and the fibers
over the singular points of B are unchanged.
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o Getting a section: If S — B has connected fibers, choose smooth points p; € Sp, and a sufficiently
ample divisor B’ C S going through p;. Then S’ := S xg B’ — B’ admits a section. If p; belong to
different irreducible components of S, then B’ is reducible.

e Working over the same base: If S7 — B7 (j = 1,2) are deformation equivalences, then one can base-
change to a sufficiently ample divosor B C By x By passing through (b}, b?) to get S7 x B; B— B.

Now let
B« S ™y Bx X
1 2

be two deformation equivalences with sections ¢7: B — S7. If 7 o 0! = 7% 0 02, then we can glue these
deformation equivalences along S' D o!(B) & B = ¢2(B) C S? to get a new deformation equivalence

B+ S'U, 8?5 Bx X
whose fiber over b € B is S} Uo () SZ.

Otherwise, we introduce auxiliary deformation equivalences called H¢-families as follows. Let 77 :=
prxomiooi: B— X, and 7/: B — X x P! be lifts of 77/ such that 7'(b) = 72(b) happens only at finitely
many smooth points b of B. We then get g := (71,72): B — Hilby(X x P'), where Hilby(X x P!) is the
Hilbert scheme of length 2 subschemes of X x P!. Let |H| be a sufficiently ample linear system on X,
|H*| := pi|H| + p5|Op1(2)], where p;: X x P! — X and py: X x P! — P! are the projections, and a H-
curve will mean a smooth curve L on X of the form L = Hy N ---N Hy_1 N H} with Hy, -+, Hq—1 € pi|H]|
and H} € |H*|. For each i, let L; be a H%-curve passing through g(b;). Then there exists a deformation
equivalence

B xX

[

L; C

<«
e

X
B.
with two sections O'g_[: B — H such that

e Ty o0y, =7 0ol and
e all but finitely many fibers are H®-curves.
See [14, Corollary 29]. We can then glue the three deformation equivalences S7 — B and H — B along o/
and 0,.
By applying these techniques, one can prove the following result.
Proposition 3.5 (Kolldr-Tian, [14, Theorem 32]). Let m;: C} UC? — X (i = 1,2) be morphisms from

nodal curves to X. Assume that C},C? are connected, |C N C%| = |C3NC3| (which we call ), and we have
3-nodal deformation equivalences

cy c i ™ BixX
b! “ B/ =——— B/.

Then there exists a 3-nodal deformation equivalence

Clw (Ur_ Liy) W C? C S —"—> BxX
b; € B B,

glued from S7 — B and H-families H, — B (u=1,--- 7).

(ii) Modifying deformation equivalences
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Proposition 3.6 (Kolldr-Tian, [14, Theorem 34]). Let

C; ¥ D; C S —-+BxX
b; € B———B

be a 3-nodal deformation equivalence. Assume that C;, D; are connected, x(D1) = x(D2), and m[D1] =
7«[D2). Then there exists a 3-nodal deformation equivalence

C; ¥ R; C S/LB/XX
y c B —— B,

glued from S — B, deformation equivalences over Supp(m(D1)) = Supp(n(Ds)), C; x B' — B’, and H®-
families, such that 7'|g,: R; — X are isomorphic to each other, R; are connected, and C; N R; = C; N D;.

Let E := Supp(w(D;)) = Supp(n(D2)). A crucial step in the proof of Proposition 3.6 is to deform Dy — E
to Dy — FE in the space of morphisms from curves to E, and this forces B’ to be reducible and requires the
x-independence condition for Dy, Ds.

To address the y-independence condition, the following lemma will be useful.

Lemma 3.7. Let k be a perfect field and X/k be a smooth projective geometrically connected variety that
has a 0-cycle of degree 1. Let oy, s be 1-cycles on X. Then there exist a 1-cycle f on X and morphisms
mi: C; = X from geometrically connected nodal k-curves C; to X such that (m;).C; = a; + 8 and x(Cy) =

x(Ca).

Proof. Let 8’ be a 1-cycle on X such that «; + 3’ are effective. For sufficiently large n, there are smooth
k-curves C; C X x P™ such that letting «}: C/ — X be the projections, we get 7,C! = a; + /. Choose a
smooth point from each connected component of C{, and let Z; C C{ be the union. By the assumption and
moving lemma, there exist closed points p1,- -+ ,pa,q1, - ,q € X such that py, -+ ,p, & Supp(a; + F'),
qi, - qp g Supp(a2 + 6/)a and

X(C1) — deg(Z1) = > deg(pu) = x(C3) — deg(Z2) — > _ deg(qy)-
Let D C X x P" be a smooth complete intersection curve that transversally intersects C! at Z;, p, x P! at
pu x {0,00}, and g, x P! at g, x {0,0}. Let
Cy = 0O W (Uypy x P W D, Cy:= Oy (Uyqy x PHYW D,
and let m;: C; — X be the projections. Then C;, Cs satisfy the desired properties, with 8 := '+ (m;).D. O

(iii) Lifting a 3-nodal deformation to a nodal deformation: Every flat deformation of a 3-nodal curve
C in X may be lifted to a flat deformation of a morphism from a nodal curve C to C. More precisely, the
map

Mor(Nodal curves, X) --» Hilb(X)
restricts to an isomorphism over the locus of 3-nodal curves in Hilb(X). See [14, Example 19] for the details.

‘We now prove Theorem 3.4.

Proof of Theorem 8.4. Let k C L C k, X/k, m;: C; — X, as in the statement. For simplicity, we only prove
the case when we have two curves m; and 7. By Lemma 3.7, we may assume that C; are geometrically
connected and x(C;) is independent of .

First assume k = k. Since (m1)«[C1] ~a (m2)«[C2], the semistable reduction shows that there exists a
nodal deformation equivalence B <— T" — X such that T, — T, = Cy — C2. By Proposition 3.5, one can
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glue 3-nodal equivalences B + T — B x X, B+ B x C; = B x X, and H%-curves to get a new 3-nodal
deformation equivalence

CiWLiwT, WL5WCy C S —"— BxX
b; € B B.

Let

Dy :=Li WT, WLWC s, Dy :=CyWIL3WTy, W3
Then Sy, = C1WD, Sy, = CaWD54 are 3-nodal deformation equivalent, Dy, D5 are connected, x (D7) = x(D2),
and m,[D1] = m.[D2]. One can then apply Proposition 3.6 to get a 3-nodal family as desired, and the trick
(iii) eliminates 3-nodes.

In the general case, one replaces (C;);zWR; by their Galois conjugates so that the conjugates of R; intersect
(Cy)z at different points, and we achieve this by Lemma 2.7. |

3.3. Proof of Theorem 3.2. We combine Theorem 2.6 and Theorem 3.4 to prove Theorem 3.2.

Proof of Theorem 3.2. As for the injectivity, let a1, ap € A1(X) and assume that o, 7 ~q o, 3. We want to
show a1 ~, az. By adding a constant cycle to a; and a3, we may assume that a; = C7 and ap = C3 for
some curves C7,C5 in X. For sufficiently large n, let C1, Cs be nodal curves in X x P™ which lift Cy, Cs.

By Theorem 3.4 for L = k, there exist a nodal curve R/k and a nodal deformation equivalence B « S —
B x (X x P™) such that

[C1 W R],[Cy W R] € B(k).
By Theorem 2.6, there exist » > 0 and ([T4],- -, [T]), ([T1],- - , [T}]) € (Sym" T)*™(k) such that
[Ch W RW (U_,T})],[CoW RW (U_,T!)] € EComb(B, rT)°(k),
and EComb(B,rT)® lies in a geometrically irreducible component of Hilb(X x P™)*™. We get

Ci+R+Y Ti~gCat R+ DT

Since (Sym" T)*™ is geometrically irreducible, we get él ~a 52, hence C7 ~, C5 as desired. This establishes
the injectivity.

As for the surjectivity, let 5 € Al(XE)Gal(E/k) and we aim to show that § lies in the image of A;(X) —
Ay (X7) G818 By adding to 3 a constant cycle defined over k, we may assume that 3 = C for some curve C
in X7 For sufficiently large n, let C' be a nodal curve in X7 XEIP’% which lifts C'. Such C automatically satisfies
Ce Ay (XEXEP%)GM(E/ k) i.e., the Galois conjugates o C XEXE]P% are algebraically equivalent to each other.
Indeed, by the projective bundle formula, the surjection A; (X3 XEP%) — A1 (X7) of Gal(k/k)-modules splits,
hence zill (X% x5z ]P’%)Gal@/k) — Ay (XE)GRI(E/’“), and moreover ker(A; (Xg xg PR) = A1(Xg)) = Ao(Xg) = Z
is Gal(k/k)-invariant.

By Theorem 3.4 for L = k, there exists a nodal curve R'/k such that 7 + R are nodal deformation
equivalent to each other, hence they belong to the same geometric connected component B’ /k of the locus

of Hilb(X) parametrizing nodal curves. Here we have used that for a variety H/k a connected component
of Hy containing the Galois conjugates of some point of Hy is defined over k.

By Theorem 2.6, there exist > 0 and ([T41],--- ,[Tr]) € (Sym" T)*™(k) such that
[C7 W R W (U_,T;)] € EComb(B,rT)°(k) for all o,

and EComb(B,rT)° lies in a geometrically irreducible component Z/k of Hilb(X)*™. By (#), there exist
zero-cycles 7,0 of degree 1 on Z and (Sym" T)*™, and letting C,,Cs € A;(X x P™) be the corresponding
1-cycles,

Cy,—Cs—R € A(X xP")
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maps to C' € A4, (X3 x5 P%)Gal(z/k). Pushing forward the class to X concludes the proof. O
3.4. Proof of the geometric part of Theorem 1.3.

Proof of the geometric part of Theorem 1.3. Let X/F, with X — C be as in Theorem 1.2. We aim to show
that the cycle map

aQ : CHQ(X) ® Zp — H4(XFQ? Z£(2))G31(Fq/Fq)

is surjective. By Bloch—Srinivas [4, Theorem 1 (iii)], the notions of homology equivalence and algebraic
equivalence agree for 1-cycles on XFQ- Hence the cycle map
(31) Al (XF(I) ® Zg — H4(XF(1, ZE(Q))
is injective.

We claim that (3.1) is in fact an isomorphism. Let C° C C be the biggest open subset such that
X° = X x¢ C° — C° is smooth. Then XFq \X% = [, Fi, where F; are singular fibers of Xﬁq — Cﬁq,
and by resolution of singularities, we may assume that F; are simple normal crossing. We have the following

commutative diagram:

®i CHl(FL) ®Ze E— CHI(XEZ) ®Z@ E— CHl(XJF)q) ®Z@ — 0

J l l

D H, (X, 20(2) —— H(Xg,, Zu(2)) —— HY(XZ,Z(2).

To prove the claim, it is enough for us to show that the left and right vertical arrows of (3.2) are both
surjective. Since X, /F,(C) is a geometrically rational surface, by Esnault-Wittenberg [9], the left vertical
arrow of (3.2) is surjective. As for the right vertical arrow of (3.2), using that fibers of f: X° — C° are
smooth geometrically rational and C° is affine, the Leray spectral sequence for f?q : XFQ — Cﬁq yields

HY(XS,, Za(2) = HO(CZ, R (5, ). 2e(2) = .
Since ff, has a section by de Jong-Starr [7], the right vertical arrow of (3.2) is surjective. This proves the

claim.

Taking the Galois invariant part of the isomorphism (3.1) and applying Theorem 3.2 yield
A(X) @ Z = Ay(Xg )@/ @ 7y =5 HA(X,, 24(2) 0 Fo/F0),

The cycle map o’ factors through the above, hence it is surjective. O

4. ARITHMETIC PART OF THEOREM 1.2 AND TWO CONIVEAU FILTRATIONS

4.1. Two coniveau filtrations. Let k& be an algebraically closed field.

Definition 4.1. Let X be a smooth projective connected variety of dimension d, and A € {Z,Q, Z;, Q,}.
The coniveau filtration is defined by

NeH™X,A):= Y Im(H3(X,A) » H"(X,A)) = Y Ker(H"(X,A) » H"(X \ Z, A)),
ZCX ZCX

where Z C X runs over all closed subvarieties of codimesion > c¢. Similarly, the strong coniveau filtration is
defined by

N°H™(X,A):= > Im(f,: H" (T, A) - H"(X, A)),
f:T—X
where the sum is over all smooth projective connected varieties T' of dimension d — r with » > ¢ and
morphisms f: T — X.
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Over the complex numbers, Deligne [8] showed N°H"(X,Q) = N°H"(X,Q) using the theory of mixed
Hodge structures, and Benoist—Ottem [2] recently showed that N°H™(X,Z) # N°H"(X,Z) may happen.
Scavia and I [20] extended these results to the f-adic setting over arbitrary algebraically closed fields.

The case of special interest for us is when n = 2i—1 and ¢ = i—1 for some i. In this case, N'~*H2~1(X, Zj)
is the image of all cylinder homomorphisms for families of codimension i-cycles on X. More precisely, we
have:

Lemma 4.2 (Voisin, [26, Proposition 1.3]; see also [20, Lemma 2.4]). Let X be a smooth projective connected
variety. Then we have

N HP N X, Zy) = Y Im(Ts: Hi(B,Zy) — H* 7Y (X, Zy)),
(B.T)

where (B,T) runs over all smooth projective connected varieties B and T € CH'(B x X).

Proof. Let d = dim X. We note

NTHY X, Z) = Y Im(fu: HA(T,Zy) — H* (X, Zy)),
f:T—X

where the sum is over all smooth projective connected varieties of dimension d — i + 1 and morphisms
f:T — X. For any such f: T — X, the Poincaré line bundle P € C’Hl(PicoT/k xT) gives an isomorphism

P.: Hy(Picq )y, Ze) = H' (T, Zy),
hence (idr x f)«P € C’Hi(PicoT/k x X)) gives
((idr X f)«P)w = Pulidr X f)u: Hi(PicT )y, Ze) = H* (X, Zy),

whose image agrees with that of f.. This shows C for the lemma. As for D, it is enough to pass to resolutions
of Supp(T) in characteristic zero, and in positive characteristic, one can instead take ¢'-alterations due to
Gabber [12, Theorem 2.1]. O

The case i € {2,d — 1} of Lemma 4.2 is the most interesting because the quotients

N'H(X,Zo)/N'H*(X,Z¢),  NY2H*73(X,Z¢) /N2 H* 73 (X, Z)

are stable birational invariants of smooth projective varieties; see [20, Lemma 2.6, Lemma 2.10]. Hence it
would be tempting to ask if these groups may be non-zero for separably rationally connected varieties. The
following theorem completely resolves this question for the latter group.

Theorem 4.3 (Tian, [24, Theorem 1.20]). Let X be a smooth projective connected variety that is src in
codimension 1, and let d = dim X. Then we have

]\]Cl—QIJQd—f}()(7 ZZ) — ]’\\/:d—Qlde—?)()(7 ZZ)

Theorem 4.3 modulo torsion over the complex numbers was previously established by Voisin [26]. We
postpone the proof of Theorem 4.3 until Section 6 and Section 7.

4.2. (-adic Walker Abel-Jacobi maps. Let X/F, be a smooth projective geometrically connected variety.
One can show that the restriction of cl}y ; to CH'(X)ag factors through the ¢-adic Walker Abel-Jacobi map
lyay: CH (X )alg @ Zo — H' (Fg, NV H* =Y (X5, Za(0)))-

See [20, §4.2] for the construction and the basic properties of clywaj. The complex analogue of clway was
first constructed by Walker in [27].

Proposition 4.4 (Scavia-Suzuki, [20, Proposition 5.6]). Let X/F, be a smooth projective geometrically
connected variety. The image of clwaj agrees with the image of

H'(Fy, N HY (X, Zo(i)) = H' (Fy, N H* 7 (X, Zo(1)).
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Proof. A version of Lemma 4.2 shows that

N HP TN (X, Ze(i)) = Y Tm(Ta: Hy(Bg,, Ze) — H* ' (X5, Z(i))),
(B.T)

where (B,T) runs over all smooth geometrically connected F-varieties B and I' € CH'(B x X); see [20,
Lemma 2.12]. In addition, results of Achter—Casalaina-Martin—Vial [1] show that

CH'(X)ag = Y Im(T,: CHy(B)hom — CH'(X)),
(B.T)

where (B,T") runs over all B,T" as above; see [20, Lemma 4.3]. We have the induced diagram:

I'. .
&5.0yCHo(B)om © Zs @) CH (X ) @ Zg

zlclm,o J(d@VAJ

T') i1 py2ie .
@p,ryH' (Fq, H1 (B, Zy)) HY(Fy, NTHH? (X5, Zo(3))),

\» /

HY(Fy, N HY =Y (X, Z(i)))

where the left vertical isomorphism follows from [6, Théoréme 5]. The proof is now immediate. |
The map cl(:NAJ may be non-surjective; see [19, Theorems 1.4, 1.5].

4.3. Proof of the arithmetic part of Theorem 1.3.

Proof of the arithmetic part of Theorem 1.8. Let X/F, with X — C be as in the statement of Theorem 1.3.
We aim to show that the f-adic Abel-Jacobi map

clay: CH*(X)hom ® Ze — H' (Fy, H*(Xz_, Ze(2)))

is surjective. By Theorem 4.3 for d = 3 and Proposition 4.4 for ¢ = 2, cl%vAJ is surjective. Moreover, by
Merkurjev—Suslin [15], we have HS(XE,Zg) = N'H? (Xqu Zy). Hence cl}; is surjective. O

Proof of Theorem 1.3. Since I and cl4; are both surjective, by (1.2), we conclude that the cycle map
c?: CH*(X) @ Zy — H*(X, Z4(2))

is surjective. O

The proof of Theorem 1.3 shows the following more general statement.

Theorem 4.5 (Tian, [24, Theorem 1.11]). Let X/F, be a smooth projective geometrically connected variety
such that XFQ is src in codimension 1, and let d = dim X. Assume that

(1) the cycle map Ay (X5 ) ® Ze — H2d_2(XE,Zg(d — 1)) is an isomorphism, and
(2) H*~3(Xg , L) = N2 H* 73 (X5, Zo).

Then the cycle map cl*™': CHy(X) ® Z¢ — H?~2(X, Zy(d — 1)) is surjective.

Theorem 4.5(1) and (2) are stable birational properties of Xﬁq; see [24, Lemma 2.36]. It follows that,

for every smooth projective geometrically rational F,-variety X of dimension d, AN CHY(X) @ Zo —
H?1=2(X,74(d — 1)) is surjective.
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5. EQUI-DIMENSIONAL FAMILIES OF CYCLES

Let k be an algebraically closed field.

Definition 5.1. An equi-dimensional family of i-cycles on a variety X parametrized by a variety B is a finite
Z-linear combination I' = Zj m;I';, where m; € Z and I'; C B x X are integral, such that the following
conditions hold.

(1) Each I'; dominates an irreducible component of B.

(2) Each non-empty fiber of I'; — B is pure of dimension i.

(3) The fat point condition [23, Definition 3.1.3] is satisfied (i.e., for each I'; — B, the limiting fiber
along a curve on B is unique).

(4) The field-of-definition condition [23, Lemma 3.3.9 and the following paragraph] is satisfied (i.e., for
each I'; — B, the pull-back along a map from the spectrum of a field to B is well-defined).

For b € B, we denote I'y := > m;(T;)p, where (I';), is the pull-back of I'; — B along b — B. We say that
(B,T) is constant (resp. constant modulo £") if T'y (resp. I', modulo £™) does not depend on b.

For an equi-dimensional family (B,T) of i-cycles and a morphism f: B’ — B, one can define a pull-
back equi-dimensional family (B’, f*T") of i-cycles; see [23, the paragraph before Lemma 3.3.10]. For equi-
dimensional families (B,T'), (B’,T”) of i-cycles, a morphism f: (B’,I') — (B,I') will mean a morphism
f: B" — B such that IV = f*I.

Theorem 5.2 (Tian, [24, Theorem 3.11]). Let X be a smooth projective connected variety that is src in
codimension 1. Let (B,I'g) be an equi-dimensional family of 1-cycles on X, where B is irreducible; by, by € B
such that (Tg)s, = (U'g)p,; b € B be general. Then there exist:

(1) an equi-dimensional family (B',Tp/) of 1-cycles on X, where B’ is normal, quasi-projective, and
irreducible; b(,by € B'; a generically finite surjective projective morphism f: (B',T'p) — (B,T'p)
such that f(b) = b;;

(2) a constant equi-dimensional family (T,T'r) of 1-cycles on X and constant equi-dimensional families
(Ty v, T, ) of 1-cycles on X for all b, 0" € f7(b), where T, Ty y are projective and connected;
smooth points to,t1 € T and smooth points tg:)b,,,tlg::b,, € Ty s

(8) an equi-dimensional-family (W,Tw ) of 1-cycles on X, where W is normal (resp. smooth in charac-
teristic zero), projective, and irreducible,

and moreover there exists a morphism
v (B/,FB/) LJ (T, FT) L (l—lb',b//effl(b)(Tb’,b’HFb’,b")) — (I/V, Fw)
such that W(b}) = W(t;); W) = V(t} ), C(b") = W(ty ) U(T), U(Ty ) C W

Tblﬁb//

T

The proof of Theorem 5.2 is based on Theorem 2.6 and Theorem 3.4. See [24] for the details.
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6. THEOREM 4.3 IN THE COMPLEX CASE AND LAWSON HOMOLOGY

6.1. Lawson homology. Let X be a complex projective variety, and fix a very ample line bundle on X.
Then the Chow variety Chow,;(X) of effective i-cycles on X admits a decomposition

Chow;(X) = [ ] Chow; ;(X),
=0
where Chow; ;(X) is the Chow variety of effective i-cycles of degree j on X. The varieties Chow; ;(X) are
quite singular, even when X is smooth.

Definition 6.1. Let X be a complex projective variety. We define Z;(X) to be the group completion of the
monoid Chow(X)*", which is isomorphic to the quotient Chow(X)®" x Chow(X)*"/ ~, where ([a], [b]) ~
([a+ ¢, [b+ ¢]) for all [a], [b], [c] € Chow(X)*". We define the Lawson homology of X by

Let X be a complex projective variety. For an equidimensional family (B,T') of i-cycles on X, there is a
well-defined map of topological groups
This induces
T'y: LoH, (B) =T (Zo(B)) — LiH2i+1(X) =T (ZZ(X))
If X is smooth, then for any smooth projective variety B and I' € CHgiy, p+1(BxX), themap I'y: LoH1(B) —
L1 H;(X) may be defined using functoriality of Lawson homology.

Theorem 6.2 (Tian, [24, Theorem 4.12]). Let X be a complex smooth projective connected variety that is

sre in codimension 1. The map
(T-)
EB LoH,(B) —% LyHs3(X),
(B,

where (B,T) runs over all complex smooth projective varieties B and I' € CHaim p+1(B X X), is surjective.

Let X be a complex projective variety. There is a continuous map s: Z;(X) APt — Z,_1(X), called the
s-map, which induces
S: LZHn(X) — Lilen(X),
hence the cycle map ‘
LiH,(X) %5 LoH,(X) = H,(X,Z),
where the last isomorphism is due to Dold—-Thom.
The case of special interest for us is when n = 2i + 1. In this case, L;H2;+1(X) = 71(Z;(X)) and the

cycle map L;Ho;11(X) — Ha;41(X,7Z) may be regarded as a cylinder homomorphism. We have the following
analogue of Lemma 4.2 for the niveau filtration.

Lemma 6.3 (Walker, [27, Proposition 2.8]). Let X be a complex projective variety. We have
Nit1Hoip1 (X, Z) = Im(L; Hyi41(X) = Hai11 (X, Z)).

We can now deduce the complex case of Theorem 4.3.

Corollary 6.4. Let X be a complexr smooth projective connected variety that is src in codimension 1. We
have

NyHs(X,7) = NyHs(X, 7).

Proof. The following diagram commutes

r.
@D LoH1(B) LD LiHgiq1(X)

I |

r.
D5, H1(B,Z) ) Hy(X,2),
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where (B,T') runs over all complex smooth projective varieties B and I' € CHgjm p+1(B X X). Then, by
Theorem 6.2 and Lemma 6.3, we have

NoH3(X,Z) = > Im(T.: Hi(B,Z) — Hs(X,Z)),
(B.D)

where (B, T') runs over all B, T as above, and by Lemma 4.2, the right hand side agrees with Ny H3(X,Z). O

6.2. Proof of Theorem 6.2. Let X be a complex projective variety. For an equi-dimensional family
(B,T'p) of i-cycles on X, we denote by K(B),I(B) the kernel and image of (I'g).: Zo(B) — Z;(X). Then
K(B) = Zy(B) — I(B) is a topological fibration, which induces a long exact sequence of homotopy groups

o (K (B)) — m1(20(B)) — m(I(B)) = mo(K(B)) — -+~ .

Proof of Theorem 6.2. Let [L] € L1H3(X) = m1(Z1(X)). We aim to find an equi-dimensional family (W, T'w/)
of 1-cycles on X such that W is smooth projective and [L] lies in the image of

Tw)s: LoH1 (W) = m1(20(W)) = L1H5(X) = m1(Z21(X)).

To start off, there exist an equi-dimensional family (B,T'g) of 1-cycles on X with B normal projective

irreducible and a path [0,1] — B such that the composition [0,1] = B — Zy(B) Ta)e, Z1(X) represents

[L]; see [24, Lemma 4.13]. Let by, by € B be the image of 0,1 € [0,1]. Then I'y, = T',.

We now apply Theorem 5.2 and get (B, I'p/), by,b) € B, f: (B',I'p:) — (B,I'p) such that f(b;) = b;,
(T,T7), (T, Do) (0,07 € f71(D)), and O (B, Tp ) U(T, T ) U (U e g1 ) (Tor s Tor ) = (W, Ty )
as in the theorem. We first assume that f: B’ — B is étale over by, b;. We can then lift the path [0,1] — B
along (B',T'p) — (B,I'p) and close it up using the constant families (T, T'r), (Ty b7, Ty prr)-

Tb’,b”

We then get a desired pair (W,T'w) and a loop on W which maps to [L] under (I'y)..

In general, the above assumption is too optimistic to be true. Instead, we use that f.: Zo(B’') = Zy(B)
is a topological fibration, and lift the path [0,1] — B along the fibration. For this method to work out, one
needs that any two points in Ker(f,) are connected by paths in Ker(f,) and T} p, which are constant in
Z1(X).

Here is a more precise proof. The topological fibrations
K(B) = Zo(B) = I(B), K(B') = Zy(B') = I(B"), K(W) — Zo(W) — (W)
together with the fact that (I'p).: Zo(B’) = Z1(X) factors as

(T'p)« (Tw )«
2 RLELN

Z0(B)) L 24(B) ZU(X),  Zo(B') X5 Zy(W) Z1(X)
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induce the following commutative diagram of homotopy groups

m(Z0(W)) —— m(I(W)) —— mo(K(W))

m(20(B') — m(B')) —— mo(K(B'))

|~ s |~
m1(20(B)) —— m(I(B)) —— mo(K(B)),

~

where f.: 71 (I(B')) = m(I(B)) because f.: Zo(B') — Zo(B) is surjective and thus I(B’) I(B). Let
[L'] € m(I(B’)) be a unique lift of [L] € 7w (I(B)). It remains to show that ¥,.[L'] € 7 (I(W)) lifts to
m1(Z20(W)), which will imply that for any lift [Lw] € 71 (Zo(W)) of ¥.[L'], we have (I'w).[Lw] = [L]. To
prove the assertion, it is enough for us to show that the image of [L'] in mo(K(W)) vanishes. Using the
topological fibration Ker(f,) — K(B’) ELN K (B), we see that the image of [L'] in 7o(K (B’)) is represented
by [b; — b}] modulo mo(Ker(f,)). Moreover, the flattening theorem together with the normalness of B, B/
shows that my(Ker(f.)) is generated by [0 — b"] (0/,b" € f=1(b)); see [24, Claim 4.14]. Finally, since
(T,Tr), (Ty pr, T pv) are constant, they map to connected curves in K (W), hence in particular, [¥(b)] =
[U(b))] and [W(b)] = [(b")] (V1" € f71(b)) in mo(K(W)). This proves the assertion, concluding the proof
of the theorem. O

7. THEOREM 4.3 IN THE GENERAL CASE AND HIGHER CHOW GROUPS

Let k be an algebraically closed field.

7.1. Higher Chow groups. With the full machinery of Lawson homology, Theorem 4.3 in the general
case would follow from the same argument as in the complex case. Unfortunately, the s-map is (so far) not
available in positive characteristic. As an alternative to Lawson homology, we will use higher Chow groups.

Definition 7.1. Let X be a quasi-projective equi-dimensional variety, and let d := dim X. Let z*(X, j) be
the free abelian group generated by all codimension 4 subvarieties of X x A7 which meet all faces X x A7 /
properly for all j* < j, where

j/
Aj/ = Spec k[to, e ,tj/]/ Z tj” = ].

§""=0

is the algebraic j/-simplex. Let z!(X,*) be the associated chain complex, whose boundary maps are alter-
nating sums of restrictions to faces. We define the higher Chow group CH*(X, j, A) to be the j-th homology
group of the complex 2*(X,j) ®z A and define CH;(X, j, A) := CH? (X, j, A).

As in the case of Chow groups, proper push-forwards, flat pull-backs, exterior products, and pull-backs
along arbitrary morphisms between smooth varieties are available for higher Chow groups; see [3]. In
particular, correspondences act on higher Chow groups of smooth varieties.

We introduce a key complex for higher Chow groups. For a smooth projective variety X, the exact

sequence 0 — Z LN/ AN Z/¢™ — 0 induces a long exact sequence
oo CHy(X,1) 55 CHy(X, 1) — CHi(X,1,Z/0") — CHy(X) 5 CHy(X) — CH;(X)/" — 0.
For a smooth projective variety B and I' € C'Hgim, p+:(B X X), we have a commutative diagram:
CHy(B,1,7Z/0") — CHy(B)[{"] —— Ao(B)[¢"]

Ir Ir Ir.

CHi(X,1,Z/0") ——s CH/(X)[("] —— A;(X)[e"].
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Since Ag(B) = Z™B) is torsion-free, we obtain a complex
CHy(B,1,Z/0") L= CHy(X,1,Z,/0) — A;(X)[¢").

Theorem 7.2 (Tian, [24, Theorem 5.12]). Let X be a smooth projective connected variety that is src in
codimension 1. The complex

@ cHo(B,1,2/e") b OH (X, 1,2/07) — A(X)[e7),
(BT)

where (B,T) runs over all smooth projective varieties B and T' € CHgaim p+1(B X X), is ezact.
Theorem 7.2 implies Theorem 6.2 (cf. [24, Remark 5.13]).

Second proof of Theorem 6.2. For a complex smooth projective variety X, we have a commutative diagram

00— CHi(X,1)/0" —— CH{(X,1,Z/0") — CHi(X)[("] —— 0

0—— LZHQH_l(X)/én —_— LiH2i+1(Xa Z/f") Emd L1H2,(X)[€n] —_— 0,

where the middle vertical arrow is an isomorphism by a theorem of Suslin—Voevodsky, and in addition,
we have L;Hy;(X) = A;(X). Hence, if X is src in codimension 1, by Theorem 7.2, for all £ and n, the
composition

P Lo (B) b L Hy(X) — LiHa(X)/0",

(B.I)
where (B,T") runs over all complex projective varieties B and I' € CHgim p+i(B x X), is surjective, hence
the cokernel of @z r) LoH1(B) o), L1H3(X) is divisible. On the other hand, the decomposition of
the diagonal shows that there exists N such that the cokernel is N-torsion. Hence @5 ) LoH1(B) &),
Ly H3(X) is surjective. O

7.2. Proof of Theorem 7.2. To make an analogy between Lawson homology and higher Chow groups, we
introduce Chow presheaves and sheaves.

Definition 7.3. Let X be a quasi-projective equi-dimensional variety. We denote by zequ: (X, %) the presheaf
on the category of varieties which associates to a given variety B the free abelian group of equi-dimensional
families of i-cycles on X parametrized by B.

For a presheaf F on the category of varieties, we denote by C.F the Suslin complex of F: for a given
variety S, C; F(S) = F(S x A*) and the boundary maps are alternating sums of restrictions to faces.

Recall that the h-topology is a Grothendieck topology on the category of schemes, which is generated by
h-covers, and important examples for us of h-covers are surjective proper morphisms. For a quasi-projective
equi-dimensional variety X, let zequi (X, 4)n be the h-sheafification of zeqy: (X, 7).

It will be important to work also with h-sheaves rather than working only with presheaves.
Lemma 7.4. Let X, X' be projective equi-dimensional varieties and f: X' — X be a surjective morphism.
Then fi: Zequi(X',0)n = Zequi(X, 0)n, is a surjection of h-sheaves.

In the setting of Lemma 7.4, fi: Zequi(X',0) = Zequi(X,0) is not necessarily a surjection of presheaves.

Proof of Lemma 7.4. Tt is important for us that f: X’ — X is a surjective proper morphism, hence an h-
cover. By [23, Proposition 4.2.14], zequi(B,0)s is isomorphic to the free h-sheaf Z[X] generated by the sheaf
of sets represented by X. Let S be a variety. Then any morphism S — X lifts along the h-cover f: X/ — X
to S xx X’ — X'. This shows that f.: zequi(X',0)5, = Zequi (X, 0)), is surjective as h-sheaves. a

We can express higher Chow groups in terms of Chow presheaves and sheaves.
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Lemma 7.5. Let X be a quasi-projective equi-dimensional variety. Then

CHi(X,3,2/0") = Hj(Ci(zequi(X, 1) ® Z/L")(Spec(k))) = H}:j (Spec(k), Cu(zequi(X, 1)n @ Z/L")).

Proof. The complex C,zequi(X,4)(Spec(k)) is a subcomplex of z4™X~#(X x), and by [21, Theorem 3.2] and
[13, Theorem 5.6.4], for all 0 < ¢ < dim X, the inclusion is a quasi-isomorphism up to inverting the character-
istic p of k. Accordingly, CH,(X, j)[1/p] agrees with the j-th homology group of Cyzequi (X, 7)[1/p](Spec(k)),
and using that C\2equi(X, 1) and 24 X~1(X ) are torsion free, the first equality follows.

As for the second equality, since k is algebraically closed, the hypercohomology spectral sequence shows
H;j(Spec(k)7 Cul2equi(X, 1) @ Z/L")) = H,?(Spec(k‘), H_j(c* (Zequi(X, ))n ® Z/E™))).

Moreover, since zequi(X, i)®Z/" is a presheaf with transfers, the cohomology presheaves H =7 (Ci (2equi (X, 1)®
Z,/¢™)) are homotopy invariant presheaves with transfers by [25, Proposition 3.6]. (Recall that a presheaf
F with transfers is a presheaf on the category of smooth varieties for which finite correspondences act, and
it is called homotopy invariant if for every smooth variety X, we have F(X x A') = F(X).) By the Suslin
rigidity theorem [22, Theorem 4.5] applied to H 7 (Cyzequi (X, i) ® Z/0™), we then have

Hj (Spec(k), H 9 (Cy(2equi(X, 1), @ Z/0™))) = H°(Spec(k), H I (Cu(2equi( X, 1) @ Z/1™))),

where the last term is equal to H;(Cy(zequi(X, %) ® Z/0™)(Spec(k))). Note that [22, Theorem 4.5] is only
proved in characteristic zero, but in positive characteristic, the same proof works after replacing the resolution
of singularities by de Jong’s alterations, because one only needs that for any variety Y there exist a smooth
variety Z and a proper surjective morphism Z — Y. The second equality follows. O

Lemma 7.5 may be compared with the definition of Lawson homology, where the presheaf zequi(X, %)
or the h-sheaf zequi(X,1)n plays an analogous role to the topological group Z;(X), where both classify
equi-dimensional families of ¢-cycles on X.

For an equi-dimensional family (B,T'g) of i-cycles on X, there is a well-defined map of h-sheaves
(FB)* : Zequi(Ba O)h — Zequi(X7 1)h7

and let K(B),I(B) be the kernel and image of the map. Since Zequi(B,0)n,; Zequi (X, 1), are torsion-free, so
are K(B),I(B). Accordingly, we get a short exact sequence of h-sheaves

0> K(B)QRZ/" = zequi(B,0), Z/" — I(B) Q@ Z/{™ — 0,
which induces a long exact sequence of hypercohomology
-+ — H; N (Spec(k), Cu(2equi (B, 0)n ® Z/€™)) — H,* (Spec(k), C..(I(B) @ Z,/€")) — HY(Spec(k), C.(K(B) @ Z/€™)) — -+ - .

Lemma 7.6. Let X be a projective equi-dimensional variety and (B,I'g) be an equi-dimensional family of
i-cycles on X parametrized by a projective variety B. Let T be a connected projective variety with a morphism
U: T — B, let T'r := U*T'p, and assume that (T,T'r) is constant modulo £™. Then, for any to,t; € T, we
have

[U(tg) — W(t1)] = 0 € HY (Spec(k), Cu(K(B) @ Z/™)).

Proof. Fix tg € T and let
0: Zequi (T, 0)(Spec(k)) = Zequi(B,0)(Spec(k)), a — ¥, (o — deg(a)ty).
Using that any dominant morphism to A! is flat, this extends to a map of complexes
0: 0<1C(Zequi(T,0))(Spec(k)) = 0<1Cs(Zequi(B, 0))(Spec(k)).

Since (T, T'r) is constant modulo " by assumption, the composition

(Tw )«

0<1C(Zequi(T,0) @ Z/0™)(Spec(k)) 4 0<1C5(Zequi(B,0) ® Z/0")(Spec(k)) ——= 0<1C(zequi(X, 1) ® Z/0™)(Spec(k))

is the zero map. Let K (B)p, be the kernel of the map (I'g)x: Zequi(B,0) = Zequi(X, %) of presheaves. Using
that zegui(B,0) and zeqqi(X, i) are torsion-free, the map K (B)ps @ Z/L"™ — zequi(B,0) @ Z /€™ of presheaves



ON RECENT WORK OF TIAN AND KOLLAR-TIAN 21

is injective, hence the map o<1 Cy (K (B)ps @ Z/") = 0<1C(Zequi(B,0) @ Z/¢™) of complexes of presheaves
is injective. We then have an induced map

0: 0<1C(2equi(T,0) @ Z/0")(Spec(k)) = 0<1Cu(K(B)ps ® Z/1")(Spec(k)),
which yields
CHo(T) /" = H(0<1C.(Zequi (T, 0) @ Z/0")(Spec(k)))
% H (01O (K (B)ps @ Z/0")(Spec(k))) = HY(C.(K(B)ys ® Z/0™))(Spec(k))
— HO(C.(K(B) ® Z/1"))(Spec(k)) = Hy,(Spec(k), C. (K (B) @ Z/€")),
which maps a € CHo(T)/€" to [T, (o — deg(a)ty)] € HO(Spec(k), C.(K(B) ® Z/¢")). Since the group of

0-cycles of degree 0 on 1" modulo rational equivalence is divisible, the degree map induces an isomorphism
CHy(T)/¢™ = 7Z./¢™. Hence, for any t € T, we have

(U () — W(to)] = [¥(to) — P(to)] = 0 € Hj(Spec(k), C..(K(B) ® Z/L")).
This finishes the proof. (]

We now prove Theorem 7.2.

Proof of Theorem 7.2. Let o« € CH1(X,1,Z/¢") be in the kernel of CHy(X,1,Z/¢™) — A1 (X)[("]. We
aim to show that there exists an equi-dimensional family (W, Ty, ) of 1-cycles on X such that W is smooth
projective and « lies in the image of (I'w).: CHy(B,1,Z/¢™) — CHy(X,1,Z/¢™). The proof is inspired
by that of Theorem 4.3, but it needs some adjustments because we work with Z/¢™-coefficients instead of
Z-coefficients.

By Lemma 7.5, « is represented by some equi-dimensional family (A!,Ta1) of 1-cycles on X. Writing
Lar = Y m;T;, each projection I'; — Al is flat, hence it induces a morphism ¢;: A! — Hilb(X). Let B
be the normalization of the product of the irreducible components H; of Hilb(X) which contain the images
of ¢j, and let I'p := Y m;prje; Univ(X), where Univ(X) is the universal subscheme over Hilb(X) and
prj: B — H; are the projections. Then (B,I'g) is an equi-dimensional family of 1-cycles on X parametrized
by the normal and projective variety B, and letting ¢ := [J¢;: A' = B, we get (A',¢*I'g) = (A}, Ta1).
Let bg := 9(0), by := (1) € B. We regard 1 as a path connecting by and b;.

By the choice of a, there exists a 1-cycle v on X such that (I'p)p, — (I'p)s, = €™y and v is algebraically
equivalent to 0. Then there exists an equi-dimensional family (C,T'¢) of 1-cycles on X parametrized by a
smooth projective connected curve C' with cg,c; € C such that (I'c)e, = v, (Fo)e, = 0. Let B:=BxC,
Iz :=prpl'p +"prilc, and

EO = (bo,Cl), 51 = (bl,Cl), 32 = (bl,Co) S E

Then
T5), =T,  Tgly, =TB)e,  Tg)g, = Tl + £y = (I

so that (I'z);, = (I'g)g,- Let P: AL % B~Bx {c1} <> B. Then v connects by and by, and (Al,{/;*I‘E) =
(A, 9*T'5) = (A!,T'a1) represents a. In addition, let C' := {b;} x C and I'sz:=T5|s. Then C connects by
and by, and (é,I‘a) is constant modulo £".

We apply Theorem 5.2 and get (B',T'p/), by, 05 € B, f: (B',I'p/) — (E,Fg) such that f(b)) = b;
(i =0, 2), (T, FT), (Tb’,b”7 Fb/,bﬂ) (bl, = f_l(b», and VU: (B/FB/) [ (T, FT) [ (l—lb’,b”effl(b)(Tb’,b”a Fb’,b")) —
(W,Tw) as in the theorem. In addition, we choose a connected projective curve €’ C f~1(C) such that C’
maps onto C and b} € €, as well as a lift by € C of by, and let T'cv be the pull-back of T'c along C” — C. We
aim to lift a path between EO and 51 along f, and close it up using the constant families (T, I'r), (Tv/ b7, L'y p7)
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and the constant-modulo-£™ family (C’,T'¢/).

A formal proof is as follows. The short exact sequences of h-sheaves
0 = K(B) = Zequi(B,0)n = I(B) = 0, 0= K(B') = Zequi(B',0), = I(B') =0, 0= K(W) = 2equi(W,0)n — [(W) =0
together with the fact that (I'p/)«: Zequi(B', 0)n — Zequi(X, 1)1 factors as

~ T=). .
Zequi(Blao)h f—*> Zequi(Bv O)h % Zequi(Xv 1)h7 Zequi(B/aO)h & Zequi(Wa O)h M) Zequi(X; ]-)h

yield the following commutative diagram of hypercohomology

H,, * (Spec(k), C.(Zequi(W, 0), @ Z/€™)) —— H, *(Spec(k), C.(I(W) @ Z/£")) —— HY (Spec(k), C..(K (W) @ Z/"))
e o o

H,, ! (Spec(k), C.(2equi(B',0) ® Z/€")) —— H, ' (Spec(k), C(I(B") ® Z/¢™)) —— HY (Spec(k), CL(K(B') @ Z/L"))
lf* zlf* lf*

H;, " (Spec(k), C.(2equi(B,0) @ Z/")) —— H;, " (Spec(k), C.(I(B) ® Z/t")) —— HY(Spec(k), C.(K(B) ® Z/")),

where f.: H, ' (Spec(k), C.(I(B') ® Z/¢™)) = H, ' (Spec(k), C.(I(B) ® Z/t")) because fy: zequi(B',0)n —
Zequi(B, 0)p, is surjective by Lemma 7.4 and thus I(B') = I(B). Let o/ € H, *(Spec(k), C.(I(B') @ Z/1"))
be a unique lift of a € H;, *(Spec(k), C.(I(B) @ Z.)t™)).

We first show that W.o/ € H, ' (Spec(k), C(1(W)®Z/¢™)) lifts to H; ' (Spec(k), Ci(2equi(W, 0), RZ /L)),
which will imply that for any lift ay € Hj, ' (Spec(k), O (2equi (W, 0), @ Z/L™)) of W.a/, we have (T'yw).aw =
a. To prove the assertion, it is enough to show that the image of o’ in HY(Spec(k), C\.(K(W) ® Z/0™))
vanishes, and using the short exact sequence 0 — Ker(f,) — K(B') — K(B) — 0 of h-sheaves, we see that
the image of o in HY (Spec(k), C.(K (B')®Z/¢™)) is represented by [b) —b}] modulo HY (Spec(k), Ci (Ker(f.)®
Z/0™)). Moreover, as before, one can show that HY (Spec(k), C(Ker(f.) ® Z/™)) is generated by [0/ — "]
(b0 € f~1(b)); see [24, Lemma 5.9]. Finally, Lemma 7.6 applied to T, T} 4, C' yields

[W(b1) — W (bo)] = [W(by) — W(bY)] + [U(by) — W(bp)] =0,  [T(O") =) =0
in HY (Spec(k), C«(K (W) ® Z/{™)). The assertion follows.
By the previous paragraph, a € CH;(X,1,7/¢") is in the image of
(Tw)w: CHo(W,1,Z/0") — CHy(X,1,Z,/0").

By [12, Theorem 2.1], there exists a smooth projective connected variety W’ and a generically finite morphism
g: W' — W of degree prime to £. Then g,: CHo(W',1,Z/¢™) — CHy(W,1,Z/¢") is surjective, and letting
I'w: =g Tw,

(PW/)* = (Fw)*g* : CHQ(W/, 1,Z/£n) — CHl(X, 1,Z/€n)
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has the same image as that of (I'y).. Hence @ € CH;(X,1,Z/¢™) is in the image of (I'w)., and this finishes

the proof. O

7.3. Proof of Theorem 4.3. Let X be an equi-dimensional quasi-projective variety. There is a cycle map
CH(X,j,Z/0") — Haiyj(X,Z/C").

We will be particularly interested in the case 7 = 1. By the Beilinson—Lichtenbaum conjecture settled by
Voevodsky, one gets:

Lemma 7.7. Let X be a smooth projective connected variety. We have

Ni+1H2i+1(X, Z/fn) = Im(C’HZ(X, 1, Z/[n) — H27;+1(X, Z/gn))
Lemma 7.7 may be compared with Lemma 6.3.

Proof of Theorem 4.3. The maps
Nng(X, Zy)/0" — N1H3(X,Z)/0" — N1H3(X,Z/0") N H3(X,Zg) /" — Hs(X,Z)/0"
induces the inclusions
Ny Hy(X,Ze) = Ny Hs(X, Z) < lim Ny Hy(X, Z/€") 1 Hy(X, Z) /0" < H3(X, Z).
Hence it suffices for us to show that
Ny H3(X,Z) = lim Ny Hy(X, Z/0") 0 Hy(X, Z) /€.
We will establish this by showing that the natural maps
¢n: NyHs(X,Z¢) — NyHs(X,Z/0") N Hs(X, Zg) /0"

satisfy lim Coker (¢ ) = 0.

By Theorem 7.2, the cycle maps for higher Chow groups induce a commutative diagram with exact rows

@B 5.r) CHo(B, 1.2/0") = CHy(X,1,2/0m) —— 4,(X)[e"]

! ! |

0 ———— H3(X,Z)/t" ——— H3(X,Z/{") ——— Hy(X,Zy)[f"] —— 0,

where (B,T) runs over smooth projective varieties B and T' € C Hgiy, p+1(B x X), and this induces another
commutative diagram with exact rows

@B v CHo(B,1,2/0") — Ly CH (X, 1,2/0m) —— Ay (X)[¢"]

1 | |

0—— N1H3(X7Zg/€n) ﬂHg(X, ZZ)/[" E— N1H3(X, Z/Zn) —_— HQ(X,Z[)[E”],

where (B,T") runs over all B,T' as above. By Lemma 7.7, the middle vertical arrow is surjective. Since
CHy(B,1,Z/™) = Hy(B,Z/{") = H\(B,Z;) /™, by Lemma 4.2 togethr with the compatibility of the cycle
maps and the action of correspondences, the image of the left vertical arrow of (7.1) agrees with the image
of ¢,. Applying the snake lemma to (7.1) then shows that the cokernel of ¢, is a subquotient of A (X)[¢™].

Finally, by Bloch—Srinivas [4, Theorem 2 (i)] and the finiteness of the torsion subgroup of Hs(X,Zy),
there exists N > 0 such that A;(X){¢} = A;(X)[¢"V]. This shows @Al(X)[E”] = 0, and since the Mittag—

Leffler condition holds for any projective system which injects to the projective system - - - LN Ay (X)[enH) LN

A (X)[em] 4. , we have yLnCoker(gon) =0, as desired. The proof is complete. O
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